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Roadmap of Notions of Convergence 


Precise definitions of convergence 


Let (X, A, 4s) denote a fixed measure space which we will always assume is complete. We say that a sequence of 
measurable functions {fn}n>1 converges pointwise a.e. (PWC) to a function f on X if 


p[{2 eX: lim fala) # F(e))] =0, 


and write f, + f a.e. as ashorthand for this type of convergence. We say that a sequence of measurable functions 
{fn} converges in measure (CIM) to f provided that given any € > 0, 


Jim we : |fn — f(a) = €}] = 0, 


and write f, —“» f to denote when this happens. The notion of almost uniform convergence (AUC) is stated as 


follows: {f,} converges almost uniformly (to f) on X if and only if for all « > 0, there is a measurable E, C X 
unif 


such that p(E£-) < ¢ and f, —> f on X \ Ez, ie., fn converges uniformly to f on X except possible at points in 
measurable sets of arbitrarily small size. 

The next two notions of convergence are somewhat separate in that they define convergence of functions by 
convergence of sequences of integrals. We say that f, converges to f in mean (CMEAN), i.e., in the L! sense, 
provided that 


| Gat. 
xX 


as n — oo. For 1 < p < ov, we (approximately) define the space of L? functions to be the real-valued functions g 


such that 
1/p 
laliees ( / Pan) Aes 
x 


We say that f, converges to f in the L? norm (LPC) provided that || fn —f\lp, ||fn — fIIb + 0 as n — oo. In the 
special case where p := oo, we define the L® norm of g to be 


II9lloo = sup |g(2)|, 
cEX 


and use similar notions of convergence of sequences of functions in L° as we did in the finite cases. 


A Roadmap Table of Contents 


The next table (Table 1.1 on page 3) provides an index of the labelled sections below where we will compare each 
of our notions of convergence to one another. We will consider convergence in L® as a subpart of of treatments 
with respect to L? convergence. 


1. Comparison of PWC and CIM 


> PWC implies CIM 
Proof. Suppose that f,, — f pointwise a.e. on X. Set 


Zo := {ae X: frlx) ~ f(a)}. 
By our hypothesis 4(Z2) = 0. Now let ¢ > 0 and for n > 1 define the sets 
Ene = {e:|fn — f I(x) = e}. 
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Notions of Convergence 
E 
oO ‘@) eal 'é) 
Ses 
A Oz 6 4 
%  Pointwise Convergence (PWC) X 1 2 3 4 
‘S § Convergence in Measure (CIM) X X 5 6 7 
2 2 Almost Uniform (AUC) X X X 8 9 
g = Convergence in Mean (CMEAN) X X X X 10 
S$ = Convergence in L? (LPC) X XK X X 11 
Table 1.1: An index by numbered subsection of our approach to the roadmap. 











Then for sufficiently large n > N(e) we must have that E,,- C Z). By monotonicity we then have that 


lim p(En.e) < u(Z2) = 0. 


n—->co 





Hence we conclude that f, —> f. 











> CIM noes not imply PWC 


Proof. We will give a counterexample by providing a sequence that converges in measure to zero but which does 
not converge pointwise a.e. to zero. For n > 1 and 1 < 7 < n, define the intervals 


Sn,j = as 4 CS (0, 1], 


n nr 


and for any fixed 7 in the range above define the corresponding sequence of 
fr(x) = XSn,5 (x). 


We claim that in the Lebesgue measure that f,, > 0. Let ¢ > 0 and observe that 





be eeh@ Saya ese Oey St Sa ES: 


nm nm nm 


as n — oo. However, f, ~ 0 pointwise a.e. since given any x € [0,1] there are infinitely many n such that 
x € S,,;. This implies that there is a subsequence {fn, }z>1 such that fp, 7 las k— oo L. 














However, CIM of f,, to f does imply that there is a subsequence {f,,,,},>1 converging pointwise to 


ye 


Proof. Now we claim that convergence in measure implies that we can find a subsequence converging pointwise 
a.e. to f. Since f, + f in measure, given ¢,7 > 0 JL such that k > L implies that 


w(t: |fe — fl) > ef) <0 


For j > 1, choose ¢ := 1/j, 7 := 274, and a corresponding L; € N such that k > L; implies that 


w({e:|fe — f\(e) > 1/5}) < 2°. 


We may assume here that Ly < Lz < L3 <---. For j > 1, let 


Ey = {w= | fr; — f(a) > 1/5}, 
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where by construction ju(E;) < 274. Next, let 


ea ES = () U Ej. 





m>1j>m 
Then for m > 1 we have that 
WZ) <p U E; (monotonicity) 
jam 

< p(E;) (subadditivity) 

j2m 
1 1 

< Dy = Qm—1 —> 0, 

j2m 


as m—> oo. So we conclude that u(Z) = 0. Now if x € X \ Z, then x ¢ U;>,E; for some m. This implies that 
x ¢ E; for j >m 


= |fo, (0) — fle <5, for j > m 
=> jim, fu, (o x)=f(x), mn X\Z. 














That is to say that f,,(x) + f(x) as 7 > oo in X \ Z, and so pointwise a.e. in X. 


2. Comparison of PWC and AUC 


> AUC implies PWC 
Proof. Suppose that f, converges almost uniformly to f on X. Then given any « > 0 SE. C X such that 


unif 





p(E-) <e€and where f, —> f on X \ E-. This also implies that f, > f on X \ E-. Take 
E:=() Ei. 
n>1 


Notice that since it is the countable intersection of sets in A, it is also in A. Also, for all n > 0 we know by 
monotonicity that 


L(E) < p(B.) < 1/n. 


So we can conclude that u(F) = 0. If x ¢ X \ FE, then « ¢ EF), for some k > 1, so that f, + f pointwise on 
X \ E. Then since p(E£) = 0, fn > fae. on X. 














> PWC sometimes implies AUC 


We have seen basic examples in elementary real analysis classes showing that the functions f,(x) := «” do not 
converge uniformly on X := [0,1], though they do converge pointwise on this interval. However, suppose that 
p(X) < oo and that f,, is measurable for all n > 1 and f, > f pointwise a.e. on X for some measurable f. If 
|fn| < g for some g integrable on X, then f,, > f almost uniformly. 


Proof. Let the set 
N = {x: fr(x) » f(a)}- 


By hypothesis u(N) = 0 and for « € X \ N, we have that |f| < g. Since g is integrable it is finite a.e. and 
hence on X \ N. So by this inequality for | f|, we can conclude that f is finite a.e. as well. So we have satisfied 
the hypotheses of Egorov’s theorem (since we have assumed pu(X) < 00). Now given € > 0, there is a closed set 
F c X such that the set A := X \ F satisfies u(A) < ¢ and so that f,, converges uniformly to f on X \ A= F. 
So fn converges almost uniformly to f on X. 








Alternate Proof. We can give an alternate proof of the result that does not require that u(X) < oo using 
Lebesgue’s dominated convergence theorem. 
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3. Comparison of PWC and CMEAN 


> CMEAN does not imply PWC 


This is a special case of the more general example showing that LPC # PWC for 1 < p< co. This more general 
result will be established in a later section (see the roadmap table), so we do not give it here. 


> PWC and monotone convergence implies CMEAN 


Proof. We will only handle the increasing sequence case in this proof, though we do note that it is similarly easy 
to prove this holds in the decreasing sequence case as well. Suppose that f, 7 f on X,ie., fn4i(z) > fn(x) for 
all n,x and where f,, > f a.e. on X. Further suppose that there is an integrable ¢ on X such that f, > ¢ a.e. 
in X for all n > 1. Then by the monotone convergence theorem, 


lim | fr= i: f. 
noo 
In other words, for any ¢ > 0 AN such that n > N implies that 


e>|{m-1|= flte-a 


where the last equality on the right-hand-side of the previous equation follows from our assumption that f,, 
increases to f on X. Hence ||fn — f\|1 > 0 as n > oo. 


4. Comparison of PWC and LPC 


> PWC does not imply LPC 
Proof. For any 1 < p<, let 

















fn(a) =n: X{o,2](@), n> 1. 


Then 1) f, € L” for all n (see calculation of the integral below); and 2) f,(#) > f(z) = 0. But in L? with the 
Lebesgue measure we get that Vx 


NFo(2) ~ FV = IFoo = f |r xpo,aj(o)[” deCe) 
—n?P x J oa] @atto) 


1 
=n? «e(o }) =n?! 4 0, 
n 
whenever p > 1. 


> LPC does not imply PWC if p< c 


Proof. For n> 1 and 2* <n < 2*+!, we define 














fa c= X[ ast adicak)- 
i 
Then as we can see for any z || fn||f — 0 in the Lebesgue measure: 
filed =f xpaag nazat) de 
gk ok 
n— 2k n+1—2' 2 
~ 9k Qk ~ 9k+1 


2 
Spies a as nm —> ©. 





However, as we can see that f,, ~ 0 pointwise a.e. since for x € (0,1) we can always choose n sufficiently large 


so that 
n—2k n+1—25 


2k 2k ; 
and then the characteristic function evaluates to 1 (not 0). 
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However, if f,, is a sequence in L? which converges to f (in L?), then we can find a subsequence 
converging pointwise a.e. to f: 


Proof. As we have seen in part #5.2 of homework 5, || fn — f||» + 0 in L” implies that f,, > f in measure. As 
we proved above (in Section 1), CIM of f,, to f implies that we can find a subsequence of the { f,,} that converges 
pointwise a.e. to f. We will not repeat the details to that proof given above again here. 














p> L© convergence implies PWC 
Proof. For alln > 1 and x € X, we have that 


fn — fI(@) < |lfn — flloo = sup |fn — f(x). 
cExX 


Since || fn — flloo > 0 as n > oo, the right-hand-side of the previous equation goes to zero as n — oo which gives 
us PWC of f, to f on X. 


5. Comparison of CIM and AUC 


> AUC implies CIM 


Proof. Suppose that f, + f almost uniformly. The given ¢,7 > 0, 3D C X such that u(D) < 7 and |fp(x) — 
f(x)| < for alla e X \ D. Let 

















De := {a : |fn — f\(z) > e} C Dz 














So since D. C D, (Dz) < u(D) <n. Letting 7 > 0, we see that f, > f. 


> CIM does not imply AUC 


We adapt the counterexample given in the lecture notes found at http://www.tau.ac.il/~tsirel/Courses/ 
RealAnal/lect5.pdf for our proof. 


Proof. Let X := [0,1) and p := é denote the Lebesgue measure. For each n > 1, we claim that we can partition 
X into n subintervals each with measure 1/n. Indeed, for a fixed n andl <k <n let In, = — £) so that 1) 


(Inn) = 4 and so" 
. 1 i 2 -1 
Ute=[o.2)u[22)u--u[ 11) =[0,1) 
kel nm nm nm mr 


Now we form a sequence {A;}j;>1 by taking this construction for only odd n := 2k +1 > 3 and aligning these 


sets in order as A; := I vi] e(v7))?" More pictorially, what this sequence corresponds to is the construction 





{Aj}j>1 = 4 A1, Az, A3 , Aa, As, Ap, A7, Ag, Ag, Aio, Ari, Aiz2, A13, Aa, Ais, --- 
SS —— 8 
partition of X partition of X partition of X 
n=3 n=5 n=7 


Then by our construction above, we have that for each k > 1 
xX — Ape U A241 U aS U A(k41)2-1; 
where 


1 
Ajz2) = (Ape =:=pUA 2 = ——_. 
[( Age) = W(Ag241) LU (k+1) ~1) +1 


Now we take our sequence of functions f,(#) := xa,,(@) and see plainly that since u(A,) > 0 as n > co, we get 
fn —> 0. However, we do not get AUC of f,, to zero because 


lim sup |fn()| =1 £0, 
noo 











since for any x € (0,1), x is contained in infinitely many A,,. 
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6. Comparison of CIM and CMEAN 


> CMEAN implies CIM 
Proof. Let ¢ > 0. Then if [| fn — f|dj — 0 as n > oo, by Chebyshev we have that 


w({e [fn File) =) <2 % fin = Fld 0. 














So fn — f in measure as well as n > oo. 
> CIM implies CMEAN if p(X) < co 
Proof. Fix ¢,7 > 0 and define the sets 
Ene = {2:|fn — f(x) = e}, 


where we have that 4N (7) such that for all n > N() u(En,-) < 1/n by the convergence in measure of f, to f on 
X. Now to show convergence in mean when ju(X) < oo, we can write 
lan fl+ fo lm al 


i wes il= a fe 


<e-W(X\ Ene) + f lfa=f| 


N,E 





—e-pw(X)+0, asn>o,7 > 0 
— 0, ase 0. 











Hence we get convergence in mean here as well. 


7. Comparison of CIM and LPC 
> LPC implies CIM if 1<p<o 


Proof. We suppose that ||fn — f||f — 0 pointwise a.e. as n + oo. For ¢ > 0 and 7 := &?, we define the 
corresponding sets 





Xn(€) = {@: |fn — fl(@) > €}- 


Then we see that 


Ie MB = fis fo a aP 


n 


> ‘| eP =e? x w(Xn(e)) > 0, 
Xn(e) 











as 1 x w({a:|fn — f|?(x) > n}) > 0 as n > oo. Since the 7 was arbitrary, this implies that f, —> f. 





p> L° convergence implies CIM if p(X) < oo 
Proof. For ¢ > 0 and n > 1, define the sets 


Xn(é) = {x : | fn — f(a) 2 €}. 
By Chebyshev’s inequality, we obtain that 
1 
MXnl(e)) <=] fr — flaw 
EJX 


< ||fn — flloo  u(X) 
— 0, 











as n — oo provided that the measure space is finite. This implies that f, — > f since ¢ was arbitrary. 
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> CIM does not imply LPC 


Example 1.1. We employ the same example we used to show that PWC does not imply LPC. Namely, for 
n> 1 let 
(2). 


We claim that f,, converges in measure to f(a) = 0 when yu := @ is the Lebesgue measure. For ¢ > 0, we notice 
that for all sufficiently large n > N(e) such that e¢/N(e) < 1, we have that 


fal) = 2° XIo 


a 
In 


w(x : |fn(w)| 2 ef) = w((L, 1/n]) = * > 0, 


as n — oo. However, as we have seen above f, ~ 0 in L?. 


8. Comparison of AUC and CMEAN 


This comparison is just a special case of the AUC versus LPC convergence conditions given in the next section 
when p = 1. See the next section #9 for details. 


9. Comparison of AUC and LPC 


> AUC does not imply convergence in L°® 


Proof. Let fn — f almost uniformly on X such that f, is always finite for all n, but where f assumes the values 
too only on a non-empty set E C X of measure zero. Then we can see that 


Ilfn — flloo = sup [fn — f(a) 
E 


ve(X\E)U 





= sup |fn — f|(x) = +00, 
cek 











for all n > 1. So we get that ||f, — fll. ~ 0 as n > ov. 


> AUC implies LPC for 1 < p < o if p(X) < @ 
Proof. Let ¢ > 0. Then JA; C X such that u(A-) < ¢ and where 


lim sup |fn— f(x) = 0. 


NCO PEX\Ae 








Since p > 1 is finite we also have 


lim sup |fnp—f|P(a) =9, 
NFO PEX\Ae 


so that 


€ € 


I-A f Jesh + f Ifa — FP 


<( sup In FF) x Bor A204 fest 


vEX\A- 


€ 


— 0, 











as we let ¢ > 0 and n tend to infinity. 


10. Comparison of CMEAN and LPC 


> LPC implies CMEAN if ji(X) < oo 


Proof. Let p > 1 and select q such that p+ q = pq. Suppose that ||fn — f||p ~ 0 as n > co in L?. Then if 
U(X) < 00, so is pp(X)/4 < 00, so that by Holder’s inequality we may bound 





fh Vn — fli < Ifo — fll UDMla = Ifa ~ fle #0" 0, 


as nN — oo since f,, converges to f in L?. 
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> CMEAN and L%-boundedness imply LPC for 1 < p< co 


Proof. If we have that 
Moo = sup || fn = flea OO 


, ie., that we have L°°-boundedness of the sequence {f, — f}n>1, then clearly also for any 1 < p < oo we see that 
sup ||| fn — FIP" |loo < 00, 
n>1 


as well. So by Holder’s inequality, we can bound (taking po := 1 and qo := 00 so that 1/po + 1/¢o = 1) 


[lie— a =f lfe— FP lta ~ $1 Ife — FP tlle Ihfa ~ fll > 0, 











as n — oo since we have assumed CMEAN convergence. 


> LPC does not imply CMEAN in general 


We show a specific counter example. Let f,(x) := + with X := [l,00) C R and ps := ¢ the Lebesgue measure. 
Then for any 2 < p < oo we see that f, — 0 in L?: 
2 0): 
e=1 


Co 
/ 
On the other hand, in the L+ norm we do not obtain convergence to 0 as n — oo: 

L=00 

Co 

| + 0. 
1 x=1 


11. Comparison of LPC and LPC 


Proposition 1.2. Let 1 < q < p < o and suppose that u(X) < oo. If fy, converges to f in L?, then fr 
converges to f in L’. 





Deters. Ol 1 
"= p)- ne \ a= 


NL 














NL 








dz = - (ee 





Proof. We can apply Holder’s inequality with po := p/q and qo := p/(p — q) so that 1/po + 1/qo = 1. Now since 
Ilfn — f|lp 4 00 and n — oo, we have that 


[Vt ~ slau ita ~ F1Plloya Ill, 


ie 
4 (fm —s) re aa 











as n — oo. Hence || fn — f ||, > 0 as well. 








Proposition 1.3. If ~(X) < co and ||fn—flloo > 0 asn — oc, then f, converges to f in L? for anyl<p<o. 





Proof. Let ¢ > 0. Then since f,, converges to f in L° IN(e) such that for all n > N(e) we have that 
sup |fn— f|(z) <e. 
cEX 


Now since we have assumed that the measure space is finite we can bound the L? norm by 


1/p 
( ‘ Jn fan) < (sup dm — s1(2)) x f du <ex p(X). 
x rex x 


Since our choice of the ¢ was arbitrary, we may let it tend to zero as n — oo and see that the right-hand-side of 
the previous equation tends to zero as well. Hence limy-+o0 || fn — f||p = 0 so that we get convergence in L?. 














